In this paper, we investigate the packing parameters in graphs. By applying the Mantel's theorem, we give upper bounds on packing and open packing numbers of triangle-free graphs along with characterizing the graphs for which the equalities hold and exhibit sharp Nordhaus-Gaddum type inequalities for packing numbers. 
Introduction
Throughout this paper, let G be a finite graph with vertex set V (G) and edge set E(G). We use [8] as a reference for terminology and notation which are not defined here. The open neighborhood of a vertex v is denoted by N (v), and the closed neighborhood of v is N [v] = N (v)∪{v}. The minimum and maximum degree of G are denoted by δ(G) and ∆(G), respectively. The subset S ⊆ V (G) is said to be 2-independent if the maximum degree of the subgraph induced by it is less then two.
A set S ⊆ V (G) is a dominating set if each vertex in V (G)\S has at least one neighbor in S. The domination number γ(G) is the minimum cardinality of a dominating set [4] . Gallant et al. [2] introduced the concept of limited packing in graphs. They exhibited some real-world applications of it to network security, NIMBY, market saturation and codes. In fact as it is defined in [2] , a set of vertices
, is the largest number of vertices in a k-limited packing set. It is easy to see that L 1 (G) = ρ(G). In this paper, as an application of the classic theorem of Mantel [6] we give upper bounds on packing and open packing numbers of triangle-free graphs and characterize the graphs obtaining equality in these bounds. In Section 3, we give lower bounds on L k (G), for k = 1, 2, in terms of k and the diameter of G. Also, we prove sharp Nordhaus-Gaddum inequalities for packing numbers. In [3] , the problem of finding all connected graphs with ρ o (G) = n − ω(G) was posed as an open problem. In Section 4, we exhibit a solution to this problem.
Applications of Mantel's Theorem
Our aim in this section is to establish upper bounds on ρ o (G) and ρ(G) for a triangle-free graph G in terms of its order and size. Furthermore, we characterize all triangle-free graphs attaining these bounds. We need the following well-known theorem of Mantel from extremal graph theory.
with equality if and only G is isomorphic to K ⌊ n 2 ⌋,⌈ n 2 ⌉ . In order to characterize all triangle-free graphs attaining the upper bounds in the following theorem, we define the family Ω to consist of all triangle-free graphs G that can be obtained from the disjoint union of a complete bipartite graph K t,t and pK 2 (p ≥ 1) by adding exactly one edge uv such that u ∈ V (K t,t ) and v ∈ V (pK 2 ), for every u ∈ V (K t,t ). Also, we define the collection Ω ′ by replacing pK 2 with pK 1 in the definition of Ω.
Theorem 2.2. Let G be a triangle-free graph of order n and size m. If G has no isolated vertex, then
The first inequality holds with equality if and only if G ∈ Ω and the second holds with equality if and only if G ∈ Ω ′ .
Proof. Let B be a maximum open packing set in G.
Therefore, m ≤ |B|/2 + n − |B| + (n − |B|) 2 /4 and hence
Solving the above inequality for |B| we obtain
The upper bound on ρ(G) can be proved by a similar fashion. it suffices to note that |E(G[B])| = 0 when B is a packing set in G. Now, we characterize all triangle-free graphs with no isolated vertices for which the equality in the first upper bound holds. By (1) we deduce that the inequality (2) holds with equality if and only if
. Let G ∈ Ω and B be the set of vertices of pK 2 . It is easy to see that B is an open packing set satisfying the three above equality. So, B is a maximum open packing in G and ρ o (G) = |B| = n + 1 − √ 4m − 2n + 1. Conversely, suppose that G satisfies the equality in (2) and B is a maximum open packing set in G.
, by Lemma 2.1. Taking It is easy to see that the second upper bound holds with equality for G ∈ Ω ′ . Conversely, suppose that G satisfies the equality in the second upper bound and B is a maximum packing set in G. Then B is independent. Moreover,
This completes the proof.
Diameter and Nordhaus-Gaddum inequalities for packing number
Many results in domination theory have relationship with the diameter of graphs (see [4] ). In this section we exhibit tight bounds on L k (G) (k = 1, 2) and the sum and product of the packing number G and G involving the diameter. The following well-known lower bound on the domination number for a connected graph G was given in [4] :
In the next result we bound the k-limited packing numbers, k ∈ {1, 2}, of a general connected graph G from below just in terms of k and its diameter. Since ρ(G) ≤ γ(G) (see [2] ), it improves the lower bound (3) for the case k = 1.
Proposition 3.1. For any connected graph G and integer k ∈ {1, 2},
Proof. Let P be a diametral path in G with the set of vertices
⌋+1
} is a packing in G. For otherwise, there exists a vertex v adjacent to at least two vertices in V 1 (G). This yields to a path between v 1 and v diam(G)+1 by v with length less than
Nordhaus and Gaddum in 1956, gave lower and upper bounds on the sum and product of the chromatic number, in terms of the order. Since then, bounds on ψ(G) + ψ(G) or ψ(G)ψ(G) are called Nordhaus-Gaddum inequalities, where ψ is a graph parameter. For more information about this subject the reader can consult [1] . The Nordhaus-Gaddum inequalities for limited packing parameters was initiated by exhibiting the sharp upper bound L 2 (G) + L 2 (G) ≤ n + 2, for k = 2, in [7] . We conclude this section by establishing upper bounds on the sum and product of the packing number (k = 1). We first need the following useful observation. 
Furthermore, these bounds are sharp. 
is disjoint union of two subpaths P x and P y of P beginning at x and y, respectively, if y / ∈ N [u] and [2] ), at most ⌈|V (P x )|/3⌉ + ⌈|V (P y )|/3⌉ vetrices of H belong to B and therefore at least
⌉. This implies the upper bounds. That these bounds are sharp, may be seen as follows. Let G be a graph obtained from the star K 1,t , t ≥ 3, with the central vertex u by adding new edges among the pendant vertices of K 1,t provided that there exist two nonadjacent vertices u 1 and u 2 in N (u) and a vetrex w ∈ N (u) which is adjacent neither u 1 nor u 2 . We add two vertices x and y (x / ∈ N [u] and y = u) and consider two paths P x and P y as above, with ℓ(P x ) ≥ ℓ(P y ) and ℓ(P x ) ≡ 0 (mod 3), for which the other end vertices of them are adjacent to u 1 and u 2 (if ℓ(P y ) ≥ 1), respectively. Show this graph by H. Then
Moreover, since ℓ(P x ) ≡ 0 (mod 3) and three vertices of the x, y-path belong to N [u], we have
⌉. Taking into account this, the sharpness of the upper bounds follows from ρ(H) = 1.
Characterization of graphs with
Hamid and Saravanakumar [3] posed the following open problem:
Characterize the connected graphs of order n ≥ 3 for which ρ o (G) = n − ω(G), where ω(G) denotes the clique number of G. We conclude the paper by exhibiting a solution to this problem. For this purpose, we let Π 1 to be {P 4 , P 5 , P 6 , C 4 } for ω(G) = 2, and for ω(G) ≥ 3 we define Π 2 to be the union of all families of connected graphs described as follows (the figures (a)-(j) depict examples of graphs in the families (a)-(j)). In each case, we let S to be a maximum clique. (g) the family of graphs formed from adding a new vertex t to a graph described in (e) and joining it to x; (h) all graphs G obtained by adding new vertices y, z and w for which xy / ∈ E(G), yz ∈ E(G) and N ({z, w}) ∩ S = φ; (i) the family of graphs formed from adding a new vertex t to a graph described in (h) and joining it to x; (j) all graphs obtained by adding two new vertices y and z for which yz, xz ∈ E(G) and N (y) ∩ S = φ. 
We now show that the equality in (5) We are now in a position to exhibit the solution to the problem.
Theorem 4.2. Let G be a connected graph of order n ≥ 3. Then, ρ o (G) = n − ω(G) if and only if G ∈ Π 1 for ω(G) = 2, and G ∈ Π 2 for ω(G) ≥ 3.
adjacent to x (which in this case H has only one component). Considering the possible cases we can see that G belongs to one of the families (e)-(j). The above argument implies that G ∈ Π 2 . On the other hand, it is easy to see that the equality holds for all graphs in Π 2 . This completes the proof.
